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Rem arks on Solutions ofa Co upled Semi1ine ar
ParabolicSystern
Tbku m ori NA N BU
1 .Introdu ctio n
we ar
l
eintere sted in theglobal s olutio n U(x ,i) - (u(I ,i), v(I ,i))ofthe･initial-
Dirichl?tpr oble m (1･1)-(1
'
･3)for a co upled semiline a干pa r abolic syste m
(1.1)1 u t - △u 十f(u
l
,
v), u
'
≧ o in Q - n x R+,
(1.1)2 Vt - △v +a(u , v), u ≧ o in Q - n x R十
withtheinitialc o ndition
(1･2) (u(x ,0),.v(x , 0))- (u o(x), vo(x).) in n
′
a ndthe bo u nda ry co nditio n
(1.3) .(u(I ,i), v(x ,i))- (0,0) o n ∂0 × R
十
.
H 6r e∩ is a s m o othly bo u nded do main in R
N(3 ≦ N), R+ 主 (0, +cx) ,the
fu nctio n s恥(x)a nd vo(I)ar e ofcla ssCol(百)a nd non negativ ein 0. I(u , v)a nd
g(u, v)(I,9与 Cチ(RTx R+) s atisfys o me co nditio n s which will be giv?nlate r･
W e st?te s om e kn o w n r esults o nthe asym ptotic behaviou rofs olution ofthe
initial-Dirichletpr oblem (1.1)｣(1.3)for a s emilin ea rparabolic syste m.
Le m m a.([PW(p･1 9Q, T h･13)]) Let u a nd v be apair of fun ctions
c271(o x
s atisfyingthein equalitie s
(0,T))n C(0 , ×(0,T))
- ul + a△u ≦ l m +βv
- vl 十b△v ≦ 7u +6v
in 0 x(0, T), where aand barepositiv e c on sta nts and･ α ,β, 7 and6a r ebo unded
in 0 x(0,T). Suppo se fu rther that~
.β≦0, 7 ≦O-.
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T he nthe n o n n egativity ofu andてノ O nPimpliesthe n o n negativity ofu a nd v in
O x(0,T)･ He r eP -(∂0 ×tO,Tl)∪(0 ×(0))･
C.S. Kahane c onsideredthe e xiste n c e
,
u niqu e n es s a nda symptotic behaviou r
forsolutio n s oftheinitial-bo u nda ry v alue problem
(1.4)1 ut - a △u - 2u V, u ≧ 0･ in QT - 0 ×(0, T),
(1･4)2 Vt - b △v - ku v, u ≧ o in QT - 0 ×(0,T)
withthe n o n n egativ einitial conditio n
(1.5) (u(I ,0), v(I ,0))- (uo(x), vo(x)) in r之
andthe bou ndary co nditio n
(1.6) u(x ,i) - 4,1(I ,i), v(x ,i) - 4,2(I ,i) on
-
∂0 ×(0,T)
whe r e a
, ,i, a nd kare po sitive c onstants,4,1,4,2, u O a nd vo a re non negative
fu n ctio n s which s atisfy4,1(3:,0) - uo(I),4,2(x ,0) - vo(I)on ∂0 , a nd 0< T ≦
0 0.
C ･S･Kaha n e‖KA】)pro v edthe e xiste n c eof aloc al s olutio nin tim e by using
Gre en)s fun ct,io n.
T he o r e m皿･1･(【K A】) Let u a nd v be apair of fu n ctio n s
c2,l(o x(0,T))n C(0 ×(0, T))
s atisfying(1.4)-(1.6).
T hen the n o n n egativity ofu a nd v on Pimplies
O≦ u(I ,i)≦sup u, 0≦ v(I ,i)≦s upv
P P
fo r(I ,i)∈ 0 ×(0,T). He reP -(∂n x【0,T])∪(n x(0))･
T he o r e ml･ 2.([K A]) The proble m (1･4)-(1.6)ha s au nique n o n negative
solutio nin ∩ x(0,T)as s uming giv e n n o n n egativ e c ontin u o usdata pr e s
'
cribed
fo r u a nd v on(∂0 ×【0,T])∪(n-×(0),)
･
R.M a rtin po sed a pr oble m o nthe e xiste n c e a ndu nifわr m bo u nds ofs olutio n
U - (u , v)for the syste m
u t
- △ u - u vβ
,
u ≧ o in Q - n x R 十,
vt - △ v + u vβ, u ≧o in Q - 0 × R+
withthe n o n n egativeinitialc o nditio n
(u(x ,0), v(I , 0))- (uo(I), vo(I)) in 0
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a ndthe bo u nda ry c o nditio n
u(xit) - o, v(x ,i) - o on ∂n x R十 .
甲9reβ≧ 1,uo
r
and vo a
'
rQ n O n negativ efu n ctio n sin n･
,K. M a s uda([MAS])-e xte ntedthe Ma rtin
'gpr oble m tothe m ore gene r alequa -
tio ns. He pro ved the existenc e and a symptotic behavio u r of s olutio n s ofthe
follo wing Syste m
(1.7)1 ut - △ u -I(u , v) in Q - 0 × R +,
･(1.7)2 Vt F △ v + g(u , V) in Q - 0 × R+
withtheinitialc o nditio n
(1･8)･ (u(I,0), v(x ,0))- (uo(x), vo(I)) in 0
a nd the bo u ndary c oriditio n
(1.9) u(I ,i) - 0,
r
v(I ,i) -
y
O o n ∂0 ×.R+ .
由e r占Ma s uda a*u m eqthat thefu nctio n sI(u , v), 9(iL, V)a r e n o n- egati心e,I(0, s) - ･
a(s,0) - 0(s ∈ R+).a ndI(u , v),a(u , v)s atisfy s o m e addit o n?1c o nditio n s:the r e
is a m onk)-to nic allyin c r e a singfu nctio n LJ(s)(s ≧ 0)and apo sitiv e c onstant r with
g(u , v)≦LJl(u)(v 十 vr), a nd 9(u , v)≦ LJl(u)I(u , v)( (iL, V)∈一 R+ × R +).
M
_
･ Esc obedo a nd MI A･H?rr e ro(【EH])co nsider占dthefollo wihg equ atio n
ut - △ u + vp, u ≧ o in Q - 0 ×(0,T),
vt - △ v + uq, v.≧ O in Q - 0 ×(0,T).
Herep(> 0)a nd q(> 0)･ a r epo sitiv e c o n sta nts a nd 0< T < ∞ ･
R｡c｡ntly ;N.Bedja . ui and P.Souplet(【B S])｡ ｡ n side, ed
-
th占 existen｡ ｡ ofthe1
s olutio n(u , v)ofthe followinginitial-Dirichletproble m
ul - △ u 十 vP - a u
r
,
u ≧o in QT--
'
n
､
×(0, ∞),
vt
- △ v + u q - bu
s
,
v ≧
Lo in
.QT
- n X(0, ∞)
with the n o n negativ einitialc o nditidn s a ndthe z e r obo u nda ry condition .
Pao([P AO]) c on?ide r ed the existenc e of s olution . ofth? fo llo wing .c o upled
pa rabolic system
(1.10)1 ulc - △ul 十fl(x ,i, ul, u 2) in
'
QT - n X(0,T),
(1.10)2 u2t - △u2, +f2(I ,i, ul, u2) in QT - 0 ×(0, T)
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withtheinitialc o nditio n
(1.ll) (ul(I , 0), u2(I ,0))- (u lO(I), u2 0(I)) in 0
andthe bo u nda ry c o nditio n
(1.12) ul(x ,i) - u2(I ,i) - 0 o n ∂0 ×(0,T)･
Her e0 < T ≦ ∞ .T he fun ctio nsfl(I ,i, u1', u2),f2(I ,i, ul, u2)s atisf
-
y s om e m o no -
to ne c o nditio ns which will be giv en.late r.
Pa o(【PAO】)states the fわllo wingde丘nitio ns･
D efi mit五o m 皿([P AO]) Let JI X J2 be abou nded s ubs etin R
2
･ A v e cto r
fu nction(fl(ul, u2),f2(ul, u2))isdefinedin abo u ndeds ubsetin R
2
･
(i)Afun ction fk(u l, u2)is s aidto be qu a sim o n o七o m em o m五m c陀 aSimg if
fo rfiⅩed uた, the fun ctio nfk(u l･ u2)is n o nin c r e苧ingin u3
1 fo rjヲ妄k I
(ii)Afu n ctio nfk(ul, u2)is s aidto be qu a s l mO nOtO n e n Onde c r e a singif
for fiⅩed uk, the fu nctio nfた(u 1, u2)is n onde c r e a singin u3, fo r3
'
≠k ･
Definitio m 2(【P AO】) Let JI X J2 be- a bo unded s ubs etin R
2
･
(i)A functio n F - (fl,f2)is c alled qu a sim o noto n e n o ni cre a singin
JI X J2if bothfl a ndf2 a requ aSim onoto ne n o n
.
in c r e a singfo r(ul･･u2)∈ JI X J2･
(ii)A fu n ctio n F - (fl,f2)is caled qu a sl m Om O七o me m o m舶 creasingin
JI X J2ifbothfl a ndf2 a requa Sim on otone
.
n onde crea s
.
ingfo r(ul, u2)∈ JI X J2･
(iii)Afu n ctio n F - (fl,f2)is called m i x ed qu a s lm O n O七o n e in JI X J2if
flis qua sim o n otone noninc r e a sing a nd f2is quasim o n ot n eno ndec r e asingfわr
(u l, u2)∈ JI X J2(orvic e v ers a)･
Pa o(【P A O】)giv e sthe de丘nitio n o nthe o rder ed upper s olutio n and lo wer
solutio nf♭r the pr oble m (1.10)-(1.1 2)asfollo w s:
Definitio竺j･ (【PAO】p･383) A pair of fu n ctio n 面 - (il, 面2), 些
.
-
(延1, u_ 2)in C(QT)n Cl,2(QT)are called o rdered up pe r and 且o w - s olut五o n s
of(1.10)-(1.1 2)ifthey s atisfythe relatio n ii≧ 里 and
有k ≧4,k ≧ 些k (k - 1, 2) o n ∂n x(0,T),
有k(x ,0)≧ uk O(I)≧塾た(x,0) (k - 1,2) in r之
and if
(i)
u
-
1t
- △面1 - fl(61, 有2)≧0≧ 軌 - △些1 - fl(些1,些2)
琵2.
- △有2 - f2(il, 面2)≧0 ≧ 坐2t - △ 塾2 - f2(迦1, 弘2)
whe n(fl,f2)is qua si
'
ふo noto ne n o ndencre asing,
u
-
1t
- △有1 - fl(u
-
1, 型2)≧ 0≧ 軌 - △延1 - fl(些i, u
-
2)
面2t
- △面2 - f2担1, 面2)≧0≧ 些2t - △延2 - f2(il,弘2)
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whe n(fl,A)is qTl a Si
'
rpo n oto n e n o nin c r e a sing,
面1t
- △有1 - fl(ill, 坐2)≧ 0≧ 軌 - △些1･ - fl(些1, 有2)
面2t
- △面2 - f2(il,ii2)≧d≧ 型｡i - △ 些2 - f2(些1, 些2)
w
_
hen(fl,f2)is mixedquasim o n otone .
Let 面
, 坐 be thelo w er s91utio n a ndup pe r s olutio n.
Define the se ctor
< 面
, 些 > ≡ ((u･1,甲2)∈ C(万T)× C(万T);(型い 些2)!(ul, u?)≦(il, 面2))･
Pao([P AO】)･a ssurped that there exist bo u nded c ontin uo u sfu n占tion Ki
Ki(i, x)苧u Chthat(fl,f2)sゝ tisfie sthe Lipshitz c o nditio n
(H F) tfi(i, I , u l, u2) - fi(i, I , vl, V2)l≦ Ki(Lul - VI +Iu2 - V21)
for(ul, u2),(vl, V2)∈< 面, 生 > a nd(i, x)∈ DT(i - 1, 2)･
Pao(【P AO】)pro v ed 仙 e existenc eofs olutio nf♭rthe pr oble m (1 2ー
F
:
′
t｢叫
T he o r e m1.3. (The o r em 3.1 ofC hapte r8 in[PAO】) Let(il, 訂2),(些1, 型21)
be o rdered up per and lo w?r s olutions of(1･10)
-(1･12), and 19t(Il
l
,f2)be qu a si-
m onotone` n ondecre asingl n < 面 , 些 > a nd s atisfythe conditio n.(H F).T hen the
pr oble m ha s a u niqu e s oluti9n u - (ill, u2)in < 面 , 些 >占uchthat
(些1,吐2).≦(ul, u2)≦(il,面2) in 万T･
＼
` T he ore m l･4･ (T he orem 3･2 ofC hapter声in[P A O】)-Let(ill,.
u
-
2),(些1, 些2)
be
.
o rdered up pe r a ndlow er s olutio n s of(1.10)-(1.12), andlet(fl,f2).bequasi-
m on oto n e n o nin cてedsingin < 元 , 竺> and 岳atisfythe c?nditio n(HF)I.The nth
e
proble m ha s aun lqu e S Olutio n叫 - (ul, u2)in < 有 , 生 > S u chthat
-
(塾1, 些2)≦(ul, u2)≦(il,.石2) in
･ 万T..
血 e ｡ ,占m 1.5. (T he o r e m3.3 ｡fChapt｡f8 in[PAO]) Let.(
'
iil, 面2),(型1, 些2)
be oide r ed up pe
.
r
′
and lo w er s olutions of(1･10)-(1･1
'
2)･ and let(fl,f2)be mix ed
qu asim o n ot ne l n < 面 , 些 > a nd s atisfythe c o nditioh(H F).The n the pr oblem
has
.
a u niqu e solutio n-u 千(ul, u2)in < 面,些 > S u chthat
(u_ 1, u_ 2)≦(ul, u2)≦(il,有2) in 万T .
2 Se milin e a
.
r pa r abolic syste m dfthe qu a畠im o n o
-
to n6 n o ninc r e a sing ty pe
we c o n side rthe existen占e a nd the asymptotic beha vio u r oisolutio n U(x.,i) -
(u(x ,i),v(x ,i) oftheinitiaトDirichletpr oble mfo ra semi1i mir
.
parabolic syste m
(2.i)1 u t = △ u - ju Pvq, u ≧ o in. Q - 0 × R+,
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(2.1)2 Vt - △ v - k u
r
v
s
,
u ≧ o in Q - n x R十
with theinitialc o nditio n
(2.2) (u(x ,0), v(I ,0))- (uo(I), vo(I)) in 0
a ndthe bo u nda ry c o ndition
(2.3) u(x ,i) - 0, v(I ,i) - 0 o n ∂0 × R十 .
Here uo and vo a re n on negativ efu nctio n s whichbelo ngto Co
l(5), a nd
j> 0,k > 0, p≧ 1,q ≧ 1, r ≧ 1, s ≧ 1
a re c o n sta nts .
T he ca s eI(u ,ーV) ニ ーju Pvq,g(u , v) - - ku
r
v
s is qu asim o n oto n e n onin creas-
ing.
T heo re m 2. 1. T he pr oblem (2.I)-(2.3)ha s a u nique non negativ es olution
in 0 x R 十
,
and the s olutio n(u , v)s atisfie s
lu(･ ,i)l∞ 十tv(･ ,i)l∞ ≦ Cl e Xp(- Åot) (0 < t)
wher eCldepends o nly o n叫〕, γo .
Here 入oisthe s malle st eiv env alu e ofthe pr oble m
- △4o - 入o¢o,bo(x)> O in r之
with
bo(x) - 0 (x ∈ ∂n).
pr o of. Fo r s uitable c o n sta nts Cl, C2 thefu n ctio n s有 - (Cl.e Xpト入o坤o(I),
C2 e Xp(一 入oi)4o(x)), 坐 - (0,0)a r eo rdered up per a nd low er solutionsfor the
pr oblem (2.1)-(2.3). T he e xiste n ce of s olutio n orthe pr oble m (2.1)-(2.3)is
pr ov ed by the theo rem 1.4. T he dec ay e stim ate is obtained by the upper s o-
1utio n m ethod.
3 Se milin e a rpa r abolic syste m ofthe mix edqu a si-
m o n oto n etyp
we c o n side rthe existen c e
'
a ndthe a sym ptotic behavio u r ofs olutio nU(x,i) -
(u(I,i), v(x ,i))oftheinitiaトDirichletproble mfo r aqu a siline arparabolic syste m
(3.1)1 ul - △ u - ju Pvq - v α , u ≧ o in Q - 0 × R十,
(3.1)2 Vt - △ v 十 uβ+ k u
r
v
s
,
u ≧o in Q - n x R+
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withthF!initialc o nditio n
(3.2) (u(I ,0), v(x ,0)) - (.uo(I), vo(xr)) in ∩,･
and the bounda ry conditio n
(3.占) u(I ,i) - p, v(I ,i) - o o n ∂o x R' .
Hらr e uo a nd vo a r e n o n n egativ efunctio n s which belo ng･to Co
l(,ff),a nd
(H .3.1) j> 0,k > 0, p ≧1,q ≧1, α ≧ 1,β≧ 1, r ≧ 1, 1≦ s <
〟 + 2
〟 - 2
w e r em ark th?tthe ca se(I,g) - .(-i uPvq - v
α
,
ku rv s + uβ)is mixed
qu a sim onoto n e･
Fo ru ∈ Ho
l(o), we define ･
､
Jo(u) -去IL∇ul1… 一去TLtlu[liIS
a nd
Jl
.
(u) - llu[I… - "u[(王Ⅰ;･
By Sobole v
'
s Le m m a
,
w e-c a nde丘n e
4 -
u e
,
Hi(nof,,ui.SP^2EJo(^ u)(' 0)-I
si｡ ｡ s(∈[1, H.) , w e s et the.pote ntial w e111S et aS･
w 三(uru ∈ H.1(o),o < Jl(u), 0 ≦ Jo(入u)< ･d,for入 ∈【0,汁)･
The o r e m
'
3.1. Assu m ethat vo(I)is s m alleno ughin th占s en s e ofpote ntial
w ell. Under(H,3.1)the pr oble m(3･1)-(3･3)hasa u nique n o n negativ e s olutio n
in r之× R十
,
a ndthe s olutio n(u , v)s atis丘es
(3.4) lu(i)l∞ ≦ Cle Xpト入ol) (0 < i)
and
(3.5) [[∇v(i)ll2 ≦ C e xp(一 入
'
t) (0 < i)･
He r e入ois the s m alle st eiv e n v alu e ofthe pr oble甲
- △4o - 人o4o,io(x)> 0
.f
inI0
wiLl1
4o(I) - 0 (x ∈∂0)･
入* is a con stant whichis deter minedbythe give ndata.
pr oof. Bythe standard w ay(Cf.[LS U])w e c an sho wthe e xisten ce ofa :lo cal
s olutio nin timeforthe pr oble m (3.1)-(3.3). The nfro m(3･1)1 W e'c an obtain
(i) 1u(i)J∞ ≦･Cle Xp(一 入ot)(0.< i)･
Fto m･(3･1)2, u singthe estim ate(i)andthe LP m ethod(Cf･【N A Nl=NAN2】and
【N A N3】), w e c an pro v ethat
[l∇v(i)I2 ≦ C e xp(一 入
*
t)(0 < i).
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4 Se milin e arpa r abolic syste m ofthe qua sim o n o-
to n e n o nde c r e a sing type
We co n sider the existe n c eandthe as ym ptotic behavio u rofs olution U(I,i) -
(u(I ,i), v(a ,i) oftheinitial- Dirichletpr oble mfo r aqu asiline arparabolic sys-
te m
(4.1)1 ut - △ u 十 a vP - BU
T
,
u ≧o in QT - 0 × R
+
,
(4.1)2 Vt - △ v 十 c uq - dv
s
,
u ≧ o in QT - 0 × R+
withtheinitialco ndition
(4･2) (u(x ,0), v(I ,0))- (uo(I), vo(I)) in 0
a ndthe bounda ry c o nditio n
(4.3) u(x ,i) - 0, v(I ,i) - 0 o n ∂0 × R+ .
He r e uo and vo are n o n n egativ efu n ctio n s which belongto Co
l(6), a nd
(H.4.1.) p ≧1,q≧ 1, r ≧ 1, s ≧ 1, a > 0,b > 0, c > 0, d > O
a re co n stants. We assu methat
(H.4.2) 1 ≦p q< r s
and
(H.4.3) 1 ≦pq - r s, bqdr > bqdr .
W e r e m a rkthat the case(I(u , v), g(u , v))- (a vP - BUT , c uq ･ - dv s)isquasi-
m o notone no ndecr e a slng.
T be or e m4･1. Unde r(H･4･1),(H.4.2),the proble m(4.1)-(4.3)ha s au nique
n on negativ esolutionin 0 x(0, ∞).
Pr o of. We ca n easily c onstr uct ordered upper and lo w e r s olutio n sfo rthe
pr oble m (4.1)-(4.3). T hen by The ore m 1.3 w e c a nprov e T heo rcm4.l.
T heor e m4･2･ Unde r(H･4･1),(H･4･3), thepr oblem(4,1)-(4,3)has a umique
n on n egative s olutio n and we have
lu(･,i)1∞ 十Iv(I,i)I. o ≦ Ce xp(一 入ot)(0 < i).
Pr o of. W e c an e a sily c o n str uct o rdered up pe r a nd low er s olution sfo rthe
proble m(4.1)-(4.3). The dec ay e stim ate c an be pro v ed by the uppe rs olution
m ethod.
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